Abstract. We show that the behaviour of semiconductor lasers with opto-electronic feedback can be understood by analysing the limit of negligible atomic losses. The two most important families of periodic orbits are analytically predicted and numerically investigated. Finally, the effect of finite losses on the period of the orbits is studied in a first-order approximation.
Introduction
Feedback is an almost ubiquitous ingredient affecting the dynamics of many different physical systems [1] . In some cases, a feedback is artificially added as a means for controlling the performance of a given device, in some other cases. Nature has developed its own mechanisms for controlling processes like, e.g., the heart beat. Additionally, feedback can be intrinsically associated with interactions as a result of the finite velocity of information propagation.
From the point of view of nonlinear dynamics, systems with delayed feedback (DFS) turned out to be interesting since they are simple and yet able to exhibit a large number of positive Lyapunov exponents [2] . For this reason, models like that one introduced by Mackey and Glass [3] , or by Ikeda and Matsumoto [4] are widely used to investigate general properties of high-dimensional chaos.
The relevance of DFS has been further strengthened when it was pointed out that their behaviour can be assimilated to that of one-dimensional spatially extended systems [5] . In practice, given a system of the typė
where τ is the delay time and x is some, either scalar or vector, variable, it is sufficient to decompose the time variable t as
where n = Int(t/τ ) and 0 < s < τ to thereby interpret n as a (discrete) temporal variable while s as a (continuous) spatial variable. The resulting space-time plots often allow us to discover how the long-range correlations induced by the feedback reduce to 'short'-range correlations in the rescaled time variable r. One such example is reported in figure 1 which refers to the specific model considered in this paper (semiconductor laser with feedback). Fast oscillations † Also with INFM Unità di Firenze. ‡ Also with INFN Sezione di Firenze.
can be seen as spatial structures like, e.g., rolls in a long cell undergoing Rayleigh-Benàrd instability, while the slow temporal fluctuations observed in the lower part of the figure are analogous to true temporal oscillations.
In some previous papers, this analogy has been put on firmer ground in the vicinity of bifurcations of steady solutions, by deriving suitable amplitude equations [6, 7] which have also unravelled a strict link with convective instabilities. Here, we wish to go beyond this, by treating more general 'spatial' structures like those corresponding to a spiky behaviour, that cannot be adequately approximated by a single (or a few) Fourier modes as required by the approaches Figure 1 . Space-time representation of a trajectory of model (10) for τ = 10.0, B = 0.02, ε = 10 −4 , P = 1.0. The pseudo-space (horizontal axis) has a length 2τ , while the pseudo-time evolution is plotted along the vertical axis (from top to bottom). We observe a fast transient towards a periodic orbit with T = 2τ/3, followed by a slow destabilization of it. developed so far. For the sake of simplicity, we shall make reference to the specific case of semiconductor lasers with opto-electronic feedback, but we wish to stress that the type of behaviour we refer to is more general and can also be observed in other systems (as, e.g., CO 2 lasers).
The experimental investigation of semiconductor lasers with opto-electronic feedback dates back to the 1970s, with the pioneeering work of Paoli and Ripper [8] . The same configuration was studied later with a self-pulsing laser to generate picosecond pulses [9] . While the application of the feedback was devoted to obtain a linewidth narrowing [10] , there exist large regions of parameter space where selfoscillations were observed. An analytic expression for their frequency was later derived in [11] by means of a suitable linear approximation. Here, we take nonlinearities fully into account, while limiting the study to the case of negligible atomic losses (in comparison to cavity losses)-a situation which is, however, not far from realistic laser devices.
This case was already investigated in [12] , where it was conjectured that it corresponds to a singular limit (increasingly spiky behaviour). One of the aims of this paper is to revisit this limit, showing that the above conjecture is not generally true. More precisely, we show that even in the limit of zero atomic losses non-singular stable periodic solutions do exist for both positive and negative feedbacks. As a result, on the one hand, one can no longer effectively approximate the dynamics as a train of narrow spikes; on the other hand, losses can, in a first approximation be neglected allowing us to write a simpler model with a few physical parameters. In fact, we shall show that only the (rescaled) feedback amplitude and the delay cannot be removed by scaling. Finally, we show that the effect of sufficiently small losses is to modify (either shortening or lengthening) the period of the periodic orbits.
The model
The standard model equations for a semiconductor laser with delayed feedback on the pump can be written as [11] 
The first two equations are simply the rate equations linking the photon density (within the active region) I and the injected electron density N (N tr is the inversion density needed to achieve transparency); κ and γ are the decay rates of I and N , respectively; A is a temporal growth constant, related to the gain constant of the medium; is the filling factor, while J is the current density used to pump the laser. The feedback signal F acts with a delay τ ; the gain loop is quantified by B. The last equation represents a high-pass filter with a cut-off β, which mimics the effect of a bias-tee necessary to couple back the feedback signal into the laser.
It is convenient to suitably rescale the physical variables I , N , F and t to eliminate the irrelevant parameters. A reasonable choice consists in introducing the following set of variables:
This allows us to rewrite equation (3) aṡ
where we have introduced the dimensionless parameters:
The value of ε is a measure of the separation of the timescales of the decay of photons and electrons; for a commercial semiconductor laser device we expect ε ≈ 0.07. P is the pump parameter defined in such a way that the lasing action occurs for P > 0. B can still be interpreted as the suitably rescaled gain loop, while β is again a measure of timescale separation. Accordingly, the number of parameters that cannot be removed by scaling is five (one has also to recall the delay time), which makes the study of the model rather complicated.
However, we can realize that in usual experimental conditions we find β 1, since the cut-off frequency of the filter is much lower than any other frequency (even taking into account a possibly long delay time). By going in to Fourier space, it is easily realized that in such a case the last of equation (6) can be solved yielding
where the angular brackets denote the temporal average. Thus, we see that the filter variable Z enters the dynamical equations as an additional parameter rather than as an additional equation. On the other side, an infinitely long memory is introduced. We expect the approximation (7) to become questionable only when very long timescales come into play or whenever transient phenomena are considered. As a consequence of equation (7), model equations (4)-(6) reduce to a functional differential equatioṅ
One should notice that the above model is equivalent to that one considered in [12] if the average is assumed to be a constant. In fact, once the timescale has been modified by a factor ε, it is easy to realize that the above equations reduce to the equations in [12] upon identifying 1/ε 2 with v, P + 1 − B X with λ and B with α.
Both to understand the behaviour of the semiconductor laser in general and to specifically clarify the limit case ε → 0, we now propose the further change of variable, s ≡ log X. This transformation allows us to rewrite the whole model as
where we have also introduced the rescaled pump P [s] = √ P − B e s . The last step that has led to equation (9), is analogous to the the transformation introduced in the study of the CO 2 -laser dynamics [13] . It allows us to recognize that the evolution of the laser in the absence of feedback (B = 0) is that of a Toda oscillator with losses controlled by the smallness parameter ε.
If we further shift s, s = S + log P [s] 2 , and again rescale time, t = τ/P [s], the equations of motion read as
Accordingly, the pump parameter P limits itself to affect the relative losses (see also [13] ). This means that in the limit ε → 0 also the action of the infinite long memory becomes conceptually irrelevant, and the equation reduces tö
with only two relevant parameters, the gain B and the delay τ .
Vanishing losses
The limit ε → 0 corresponds to negligible atomic losses in comparison to cavity losses. This case, although physically unattainable, is not far from realistic experimental set-ups, so that it can be usefully exploited to construct a first approximation for the dynamics of a semiconductor laser.
In the absence of feedback, B = 0, model (11) reduces to a lossless Toda oscillator (see also [13] ), which is characterized by a one-parameter family of marginally stable periodic orbits. For finite B-values, model (11) displays at once its complexity because of the infinite dimensionality of the phase space induced by the delayed interaction. Very often, periodic orbits represent a useful tool to gain insight about dynamical properties of nonlinear systems. Accordingly, in this specific case, we start the analysis of equation (11) by looking for possible periodic orbits. The simplest family one can think of is that of orbits S n characterized by a period T n = τ/n, n = 1, 2, . . . equal to a submultiple of the delay. In fact, by assuming S n (t − τ ) = S n (t − T n ) = S n (t) in equation (11) , one finds
which is again a Toda oscillator, although the force now depends on the feedback amplitude. In particular, periodic orbits can exist only if B < 1, i.e. when the potential is confining. The absence of periodic orbits in the strong feedback regime (B > 1) is a consequence of a general instability also persisting when atomic losses are no longer negligible, as shown by numerical simulations. In this regime, one should notice that the time average in equation (8) is not well-defined (due to the divergence of orbits in phase space) so that the approximation (7) is not valid and one can no longer neglect the dynamics of the feedback variable. In this highly nonlinear regime, one has to refer to the full model (6): a discussion of this case is beyond the scope of this paper. If B < 1, equation (12) actually admits a continuum of periodic orbits. Due to the shape of the Toda potential, the period of the orbits increases with their amplitude (see [13] ). The minimum period, reached in the linear regime, is equal to 2π, independently of the feedback amplitude; this value corresponds also to the minimum value of the delay τ for observing a periodic orbit of the family S n . Therefore, for a fixed delay τ , there exist n = Int(τ/2π) different periodic orbits S n of equation (11) [7] .
In practice, it is crucial to determine the stability of such orbits in order to assess which 'patterns' are dynamically relevant. Since even a simple linear stability analysis requires at least a partial numerical treatment, we prefer to start discussing the short delay limit in order to gain some general insight. In the limit of a small τ , S(t −τ ) can be approximated as S(t) − τṠ, thus reducing the differential delay equation (DDE) to an ordinary differential equation (ODE)
The total energy of the Toda oscillator is a Lyapunov functional. This allows us to show that the fixed point S 0 = − ln (1 − B) , which corresponds to the laser-on state, is globally attracting for 0 < B < 1. It is interesting to notice that it is precisely the feedback which induces the existence of attracting sets. Conversely, for B < 0 the existence of a Lyapunov functional reveals that the fixed point S 0 is globally unstable. However, before concluding that the original model is unstable as well, one should carefully consider what happens when the time derivative of S becomes so large that the linear expansion for S(t −τ ) is no longer accurate. We can conclude this simple analysis by stating that, if there exists a bounded solution for B < 0, it must be far away from the stationary state and must exhibit large oscillations. Moreover, it is clear that for B < 0 and small τ , atomic losses are important, since they can even turn the instability induced by the feedback into a global stability. A rigorous answer cannot be obtained by only including higher-order terms, so that we have to resort to numerical simulations, which also allows us to consider arbitrary values of the delay.
However, before entering the discussion about our results, we should mention that special care has to be taken in the numerical analysis, since model (11) is nearly integrable for small values of B. In particular, we have controlled the reliability of our simulations by comparing the period T obtained by using a forward-and a backward-Euler integration scheme for various time steps. Indeed, while the forward-Euler scheme overestimates the value of the period T , since it strictly expands the phase space, the backwardEuler scheme does exactly the opposite. Accordingly, we can take the estimations of T as upper and lower bounds, respectively.
These cross checks have allowed us to show that for B < 0 and τ large enough, some orbits in the above mentioned family S n are stable, coexisting, and represent the skeleton around which laser dynamics winds up. This is an important result, since it shows also that for B < 0 there are attractors in spite of the ascertained volume expansion in the surroundings of the laser-on state.
Our results are summarized in figure 2 where the most important periodic orbits are reported for different values of the delay and fixed B = −0.05. In figure 2(a) the values of the local maxima S max are plotted. In figure 2 (b) the time interval T between successive local maxima is shown. We find that by increasing τ , stable periodic orbits S n with the smallest possible period successively appearing via bifurcations of the fixed point. This process is very reminiscent of what happens in one-dimensional spatially extended systems where, depending on the system length, the dynamics tries to adjust a number of structures (like, e.g., rolls in Rayleigh-Benàrd instability) proportional to the length itself. Upon increasing τ , each orbit tries to adjust itself by properly lengthening its period. This necessarily implies that the oscillations are characterized by increasingly sharp and high-intensity pulses (as well as decreasing minima). However, this stretching process eventually destabilizes the orbits, first giving rise to some local chaotic evolution and then to a discontinuous jump on lower-period orbits through various types of crisis. This process does not prevent the coexistence of different orbits S n which can be simultaneously stable as clearly seen in figure 2 . This scenario shares similarities with the one observed by Ikeda and Matsumoto in a different model [4] .
Although, in this parameter range, the dynamics seems to be entirely controlled by the orbits S n and by those bifurcating from them, we cannot rule out the existence of other orbits, perhaps characterized by much tinier basins of attraction. A parameter region where a drastically different scenario shows up is for small but positive feedback (B > 0), where the orbits S n do play a different role as they turn out to be unstable. Conversely, we find another family of stable periodic orbits R n with T n = 2τ/n, n = 3, 5, . . .. The crucial difference is seen by adopting the space-time representation: in the case of S n , the 'spatial' structures over two consecutive delay units are perfectly synchronous with each other, while the R n solutions are exactly shifted by half a period. Also in this case, it is possible to determine the orbits by transforming the DDE into an ODE. In fact, denoting with R (1) (t) a given orbit in this family, and with R (2) (t) ≡ R (1) (t − τ ) its timeshifted version, one can writë
.
This set of equations can be read as two symmetrically coupled Toda oscillators. By assuming R (1) = R (2) , it is possible to also recover the solutions of equation (12), so that the above system of two ODEs can be seen as a generalization of model (12) . Although equations (14) do not follow from a Hamiltonian, it is possible to prove the existence of a conserved quantity, namely
).
It can be easily verified that assuming R (1) = R (2) , H reduces to 2(1 + B) times the energy of the Toda potential for the orbits S n (see equation (12)).
The existence of a conserved quantity is very important as it again implies the existence of a one parameter family of periodic solutions, each for a different value of H . It is the choice of the delay τ which implicitly defines the value of those orbits which have the shape and the period compatible with the ansatz: R (2) 
Numerical simulations confirm that the orbits R n are stable for B > 0 and play the same role as the orbits S n for negative values of B. In figure 3 we summarize our numerical results for B = 0.05 by presenting a bifurcation diagram for the local maxima and the periods T n under variation of the delay τ .
Finally, it would be interesting to investigate whether further families of orbits exist, with different periods. In principle, one can deal with this problem by reducing the original DDE to a set of coupled Toda oscillators; however, since we have found no evidence of their role in the smallfeedback parameter region, we leave this question to future investigations. 
Small losses
The numerical analysis carried out in section 3 has shown that feedback, irrespectively of its sign, gives rise to a dissipative dynamics (with attractors) even though atomic losses are neglected. This is a conceptually important observation, since it tells us that while physical losses (schematized by a finite ε) are necessarily influential in the original rate equations (as they serve to ensure dynamical stability), they are not equally necessary in laser dynamics with feedback. This situation resembles the case of CO 2 lasers with injected signals, where it was proved that the coupling with an external field may be sufficient to induce a dissipation [14] . Nevertheless, it is in practice important to verify to what extent the presence of a physical dissipation (ε = 0) modifies the global picture and to reproduce the experimental findings more accurately. Accordingly, we have tested the robustness of the scenarios reported in figures 2 and 3 against the introduction of a small but finite ε in equation (10) . With a choice of ε = 0.03, we have found that the two families of orbits S n and R n still exist with their stability properties changing very little. Undoubtedly, the details of the bifurcation diagrams are different, but this is an obvious consequence of the sensitivity of low-dimensional chaos to small parameter changes, as well as to generic perturbations of the model. A clear modification induced by a finite ε concerns the period of the orbits T n : it is slightly shifted by an amount which appears to also depend on the feedback amplitude B. Let us first investigate the periods of the family of orbits S n in a first-order approximation in ε. We search for a periodic solution with period T n = τ/n + δ n , n = 1, 2, . . . , where δ n additionally depends on the control parameters of equation (10) . The physical meaning of δ n is related to the propagation of 'spatial' structures in the pseudo-time θ . In the case of almost periodic patterns like those in figure 1, δ n is the velocity of the travelling waves. As long as the shift is small, it can be determined through a perturbative approach.
Expanding the feedback contribution and retaining only the linear term, we find
where δ n is a yet unknown parameter which regulates the losses. We therefore expect that, upon changing δ n , the fixed point of equation (16) destabilizes through a Hopf bifurcation, thus giving rise to a family of periodic orbits. The appropriate δ n is such that the corresponding solution has the expected amplitude and period.
In practice, the resulting scenario is that of a degenerate bifurcation, since it can be shown that for
there exists a constant of motion, namely,
which can again be seen as a Lyapunov functional. Changing the 'control' parameter δ n , we move from a globally attracting to a globally expanding fixed point, so that all periodic orbits coexist for δ = δ c . This implies that the shift is not a function of either the amplitude or the period of the oscillations but only of the physical parameters.
In figure 4(a) we compare the first-order approximation (16) with the periods directly computed by integrating equation (10) for τ = 10.0, B = −0.05, P = 1.0 for different damping values ε. We have used again a forwardand a backward-Euler integration scheme, to determine lower and upper bounds for the period T . One also has to estimate the mean intensity e S as it contributes to the parameter P [s]. The simulations have been performed selfconsistently, by adjusting the value of the rescaled pump P [s] = √ P − B e s . As a result, we have found that the mean intensity varies very little with ε, thus opening up the possibility to approximate e S with the intensity value of the fixed point for ε → 0, i.e. e S = 1/(1 − B), in analogy to that proposed in [15] .
We find that the theoretical prediction (17) is very accurate for ε < 0.005, while for larger losses equation (16) gives an underestimation of δ, indicating that higher-order terms are no longer negligible. Since the typical value of ε in realistic situations is ε ≈ 0.07, in order to have a quantitative agreement, one should go beyond the linear approximation (16).
A similar analysis can be performed for a positive feedback B > 0 where the family of periodic orbits R n is stable. The main difference from the analysis of the orbits S n is that, in analogy to equation (14) , we have to deal with two coupled oscillators. In fact, the shift δ n is small if measured by comparing oscillations every second delay unit. Accordingly, the problem is more complicated, but one can still determine the actual value of δ as the bifurcation point where a Hopf bifurcation occurs. This analysis reveals that the shift is just the opposite of the theoretical prediction (17) for S n . Numerical simulations also confirm this last theoretical finding with the same degree of accuracy as before (see figure 4(b) ).
Conclusions and perspectives
Starting from the standard equations for a semiconductor laser with an opto-electronic delayed feedback, we have shown that a considerably simpler model can be derived in the limit of vanishing atomic losses without loosing the key features of the dynamical behaviour. In this model, we have shown the existence of two families of periodic orbits, which allow us to account for the observed coexistence of dynamical states.
Moreover, we have found several constants of motion in different contexts (vanishing as well as finite losses, positive and negative feedback). We suspect that this is an indication of a general mathematical structure not yet entirely grasped. In view of the possibility to consider the zero-loss limit as the starting point of an effective approximation for realistic semiconductor lasers, this is an important point that should be clarified.
As the stability has been investigated only with the help of numerical techniques, it is highly desirable to develop even approximate analytical treatments to predict the stability range of the various periodic orbits. This could allow an understanding of, for example, the reason for the experimentally observed stability of widely separated, sharp spikes.
